On Endpoint Regularity Criterion of the 3D Navier-Stokes equations by Li, Zhouyu & Zhou, Daoguo
ar
X
iv
:2
00
7.
12
43
9v
1 
 [m
ath
.A
P]
  2
4 J
ul 
20
20
ON ENDPOINT REGULARITY CRITERION OF THE 3D
NAVIER-STOKES EQUATIONS
ZHOUYU LI AND DAOGUO ZHOU
Abstract. Let (u, pi) be a suitable weak solution of the three dimensional
Navier-Stokes equations in R3×[0, T ], with u = (u1, u2, u3). If u ∈ L∞(0, T ; B˙
−1
∞,∞(R
3)),
u(x, T ) ∈ B˙−1∞,∞(R
3), and
u3 ∈ L
∞(0, T ;L3,∞(R3))
or
u3 ∈ L
∞(0, T ; B˙
−1+3/p
p,q (R
3)) with 3 < p, q <∞,
then u is smooth in R3×[0, T ]. Here, B˙−1∞,∞(R
3) denotes the closure of C∞
0
(R3)
in B˙−1∞,∞(R
3). This improves a previous result established by Wang and Zhang
[Sci. China Math. 60, 637-650 (2017)].
1. Introduction
In this paper, we study the incompressible Navier-Stokes equations in R3×(0, T )
(1.1)


∂tu−∆u+ u · ∇u+∇π = 0,
div u = 0,
u|t=0 = u0(x),
where u(x, t) = (u1, u2, u3) denotes the velocity of the fluid, π(x, t) represents the
pressure.
In the pioneering works [9, 13], Leray and Hopf proved the global existence of
weak solutions with finite energy. However, the uniqueness and regularity of weak
solutions still remains open. There exists many conditional regularity results of
the three dimensional Navier-Stokes equations. The most well-known one is due to
Serrin [14] (see also Struwe [17]), which states that if the weak solution u satisfies
u ∈ Lq(0, T ;Lp(R3)) with
2
q
+
3
p
≤ 1, 3 < p ≤ ∞,
then u is regular. The limiting case u ∈ L∞(0, T ;L3(R3)) is solved by Escauriaza,
Seregin and Sˇvera´k [7] using blow-up analysis and backward uniqueness for heat
equations.
In term of the chain of critical spaces
H˙
1
2 (R3) →֒ L3(R3) →֒ B˙−1+3/pp,q (R
3)(3 < p, q <∞) →֒ BMO−1(R3) →֒ B˙−1∞,∞(R
3),
Date: July 27, 2020.
2010 Mathematics Subject Classification. Primary: 35Q30; Secondary: 76D05.
Key words and phrases. Navier-Stokes equations; Regularity criterion; Endpoint space.
Li is partially supported by the National Natural Science Foundation of China under grant
(No. 11601423, No. 2020JQ-120). Zhou was partially supported by the National Natural Sci-
ence Foundation of China under grant (No. 11971446) and Doctor Fund of Henan Polytechnic
University (No. B2012-110).
1
2 ZHOUYU LI AND DAOGUO ZHOU
it is natural to extend the regularity condition u ∈ L∞(0, T ;L3(R3)) to u ∈
L∞(0, T ;X) with X being one of the above spaces. Here, a Banach space X is
called critical if we have ‖λu(λx)‖X = ‖u‖X for u ∈ X . Many works have been
devoted to this research direction. In particular, Gallagher et al. [8] proved the
case u ∈ L∞(0, T ; B˙
−1+3/p
p,q (R3)) with 3 < p, q < ∞. Recently, Wang and Zhang
[18] further generalized the result of Gallagher et al. to the condition:
u3 ∈ L
∞(0, T ; B˙−1+3/pp,q (R
3)) for 3 < p, q <∞,
and
u ∈ L∞(0, T ; BMO−1(R3)) with u(T ) ∈ VMO−1(R3).
For more related results, see [2, 3, 4, 6, 11, 12, 15] and references therein.
In this paper, we aim at improving Wang and Zhang’s results to the case u ∈
L∞(0, T ; B˙−1∞,∞(R
3)). Our main results read as follows.
Theorem 1.1. Let (u, π) be a suitable weak solution of (1.1) in R3 × [0, T ]. If
u ∈ L∞(0, T ; B˙−1∞,∞(R
3)), u(x, T ) ∈ B˙−1∞,∞(R
3), and u3 satisfies
u3 ∈ L
∞(0, T ;L3,∞(R3)),
or
u3 ∈ L
∞(0, T ; B˙−1+3/pp,q (R
3)) with 3 < p, q <∞,
then u is smooth in R3× [0, T ]. Here, B˙−1∞,∞(R
3) denotes the closure of C∞0 (R
3) in
B˙−1∞,∞(R
3).
Remark. Considering the following inclusion relationship
L3,r(R3)(3 < r <∞) →֒ B˙−1+3/pp,q (R
3)(3 < p, q <∞) →֒ VMO−1(R3) →֒ B˙−1∞,∞(R
3),
Theorem (1.1) improves previous results due to Phuc [12], Gallagher et al. [8] and
Wang and Zhang [18].
Our proof of Theorem 1.1 is based on the scheme developed by Escauriaza,
Seregin and Sˇvera´k, which consists of blow up analysis and backward uniqueness
of heat equations. We need to show two properties of the limit of scaled solutions:
it vanishes at the last moment and has some spatial decay. We establish the first
property by combining the facts that B˙−1∞,∞(R
3) is invariant under the Naiver-
Stokes scaling and C∞0 (R
3) is dense in B˙−1∞,∞(R
3). To get spatial decay for the
limit function, we take advantage of the property of involved function spaces – Lp
is dense in B˙
−1+3/p
p,q (R3)(3 < p, q <∞), and L3,∞(R3) ⊂ L2(R3) + L4(R3).
The rest of this paper is organized as follows. In Section 2, we recall the defini-
tions of weak solutions and suitable weak solutions, as well as some useful lemmas.
Section 3 is devoted to the proof of main result.
2. Preliminaries
In this section we state definitions of Leray-Hopf weak solutions and suitable
weak solutions, introduce some notations, and collect some useful lemmas.
First we recall the definitions of Leray-Hopf weak solutions [9, 13] and suitable
weak solutions [5] to the Navier-Stokes equations.
Definition 2.1. A vector field u is called a Leray-Hopf weak solution of (1.1) in
R
3 × (0, T ) if
(1) u ∈ L∞(0, T ;L2(R3)) ∩ L2(0, T ;H1(R3));
ON ENDPOINT REGULARITY CRITERION OF THE 3D NAVIER-STOKES EQUATIONS 3
(2) u satisfies (1.1) in R3× (0, T ) in the weak sense that for any ψ ∈ C∞c (R
3×
(0, T )) such that div ψ = 0,
∫ T
0
∫
R3
(−u∂tψ +∇u∇ψ − uu∇ψ)dxdt = 0.
(3) u satisfies the energy inequality
∫
R3
|u(x, t)|2dx+ 2
∫ t
0
∫
R3
|∇u|2dxds ≤
∫
R3
|u0(x)|
2dx
for all a.e. t ∈ [0, T ].
Definition 2.2. Let Ω be an open set in R3 and T > 0. A pair (u, π) is called a
suitable weak solution of (1.1) in Ω× (0, T ) if
(1) u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H1(Ω)), π ∈ L
3
2 (Ω× (0, T ));
(2) (u, π) satisfies (1.1) in Ω× (0, T ) in the sense of distribution;
(3) (u, π) satisfies the local energy inequality
∫
Ω
|u(x, t)|2ϕdx + 2
∫ t
0
∫
Ω
|∇u|2ϕdxds
≤
∫ t
0
∫
Ω
|u|2(∂sϕ+∆ϕ) + u · ∇ϕ(|u|
2 + 2π) dxds
for all a.e. t ∈ [0, T ] and all ϕ ∈ C∞c (R
3×R) such that ϕ ≥ 0 in Ω× (0, T ).
Remark. If u is a Leray-Hopf weak solution and u ∈ L∞(0, T ; B˙−1∞,∞(R
3)), by
Lemma 2.10, then u ∈ L4(R3 × (0, T )), which means that u satisfies the local
energy inequality and is a suitable weak solution.
We now fix some notations. Let (u, π) be a solution to the Navier-Stokes equa-
tions (1.1). Then for λ ∈ R (uλ(x, t), πλ(x, t))
uλ(x, t) = λu(λx, λ
2t), πλ(x, t) = λ
2π(λx, λ2t),
also solves the Navier-Stokes equations (1.1). For z0 = (x0, t0), the following quan-
tities are invariant under the above scaling:
A(u; r, z0) := sup
−r2+t0≤t≤t0
r−1
∫
Br(x0)
|u(y, t)|2dy, C(u; r, z0) := r
−2
∫
Qr(z0)
|u(y, s)|3dyds,
E(u; r, z0) := r
−1
∫
Qr(x0)
|∇u(y, s)|2dyds, D(u; r, z0) := r
−2
∫
Qr(x0)
|π(y, s)|
3
2 dyds.
We denote
B(x0, r) := {x ∈ R
3 : |x− x0| < R}, Br := B(0, r);
Q(z0, r) := B(x0, r)× (−r
2 + t0, t0), Qr := Q(0, r);
A(u; r) := A(u; r, 0),
and so on.
We now recall the definitions of Littlewood-Paley decomposition, Besov space,
and Bony’s decomposition. Then we collect some useful properties of Besov spaces.
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Definition 2.3 (Littlewood-Paley decomposition). Let φ be a smooth function
with values in [0, 1] such that φ ∈ C∞0 (R
n) in the annulus C := {ξ ∈ Rn : 34 ≤ |ξ| ≤
8
3} satisfying ∑
j∈Z
φ(2−jξ) = 1, ∀ξ ∈ Rn \ {0}.
For every u ∈ S′, we define the homogeneous dyadic blocks ∆j and the homogeneous
low-frequency cutoff operators Sj for all j ∈ Z as
∆ju = φ(2
−jD)u = F−1(φ(2−jξ)uˆ(ξ)),
and
Sju :=
∑
j′≤j−1
∆j′u,
where F denotes the inverse Fourier transform.
Definition 2.4. Let P be the set of polynomials. The Besov space B˙sp,q(R
3) with
s ∈ R3, 1 ≤ p, q ≤ ∞, consists of f ∈ S ′(R3)/P satisfying
‖f‖B˙sp,q
:=
∥∥2js‖∆jf‖Lp(R3)∥∥ℓq <∞.
Definition 2.5. The paraproduct of v by u is defined as
Tuv =
∑
j
Sj−1u∆jv.
The remainder of u and v is defined as
R(u, v) =
∑
|k−j|≤1
∆ku∆jv.
Lemma 2.6. Let s ∈ R, 1 ≤ p, r ≤ ∞. Then, for any (u, v) ∈ L∞ × B˙sp,r, we have
‖Tuv‖B˙sp,r
≤ c‖u‖L∞‖v‖B˙sp,r
.
Moreover, for any (s, t) in R × (−∞, 0) and any 1 ≤ p, r1, r2 ≤ ∞, we have, for
any (u, v) ∈ B˙t∞,r1 × B˙
s
p,r2 ,
‖Tuv‖B˙s+tp,r ≤ c‖u‖B˙t∞,r1
‖v‖B˙sp,r2
with
1
r
:= min{1,
1
r1
+
1
r2
}.
Lemma 2.7. Let s1, s2 ∈ R and 1 ≤ p1, p2, r1, r2 ≤ ∞. Assume that
1
p :=
1
p1
+ 1p2 ≤
1 and 1r :=
1
r1
+ 1r2 ≤ 1. If s1 + s2 > 0, then, for any (u, v) ∈ B˙
s1
p1,r1 × B˙
s2
p2,r2 , we
have
‖R(u, v)‖
B˙
s1+s2
p,r
≤ c‖u‖B˙s1p1,r1
‖v‖B˙s2p,r2
.
If r = 1 and s1 + s2 ≥ 0, then, for any (u, v) ∈ B˙
s1
p1,r1 × B˙
s2
p2,r2 , we have
‖R(u, v)‖
B˙
s1+s2
p,∞
≤ c‖u‖B˙s1p1,r1
‖v‖B˙s2p,r2
.
Lemma 2.8. Let 1 ≤ p1 ≤ p2 ≤ ∞, and 1 ≤ r1 ≤ r2 ≤ ∞, s ∈ R. Then, we have
B˙sp1,r1 →֒ B˙
s+d/p2−d/p1
p2,r2 .
Remark. Lemma 2.6-2.8 can be found in Chapter 2 in Bahouri et.al. [1].
During the proof of our main theorem, we need to localize a function in Besov
space. The following lemma seems to be folklore. However, we can not find its
proof in literature. Instead we provide a sketchy one.
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Lemma 2.9. (1) Assume that ϕ ∈ C∞0 (R
d), f ∈ B˙sp,q(R
d), d(−1+1/p) < s < d/p,
1 ≤ p, q ≤ ∞, then we have
‖fϕ‖B˙sp,q ≤ c(‖ϕ‖L
∞ + ‖ϕ‖Bd
1,∞
)‖f‖B˙sp,q .
(2) Assume that ϕ ∈ C∞0 (R
d), f ∈ B˙sp,∞(R
d), s = d(−1 + 1/p), 1 ≤ p ≤ ∞, then
we have
‖fϕ‖B˙sp,∞
≤ c(‖ϕ‖L∞ + ‖ϕ‖Bd
1,1
)‖f‖B˙sp,∞
.
Proof. Using Bony’s decomposition, we have
fϕ =
∑
i,j
∆if∆jϕ = Tfϕ+ Tϕf +R(f, ϕ).
Under the assumption of Lemma 2.9, it follows from continuity property of bilin-
ear operators T and R (Lemma 2.6, Lemma 2.7) and imbedding in Besov spaces
(Lemma 2.8) that
‖Tfϕ‖B˙sp,q ≤ c‖ϕ‖B˙d/pp,∞
‖f‖
B˙
s−d/p
∞,q
,
‖Tϕf‖B˙sp,q
≤ c‖ϕ‖L∞‖f‖B˙sp,q
,
‖R(f, ϕ)‖B˙sp,q
≤ c‖R(f, ϕ)‖
B˙
s+d−d/p
1,q
≤ c‖ϕ‖
B˙d
1,∞
‖f‖
B˙
s−d/p
∞,q
,
and
‖R(f, ϕ)‖
B˙
−d+d/p
p,∞
≤ c‖R(f, ϕ)‖B˙0
1,∞
≤ c‖ϕ‖
B˙d
1,1
‖f‖B˙−d∞,∞.
Applying again Lemma 2.8 completes the proof. 
The following improved Galirado-Nirenberg inequality (Ledoux [10]) and its local
version (Seregin and the second author [16]) will be used in the proof of main
theorem.
Lemma 2.10. (1) If f ∈ B˙−1∞,∞(R
3) ∩H1(R3), then we have
‖f‖L4(R3) ≤ c‖f‖
1
2
B˙−1∞,∞(R3)
‖∇f‖
1
2
L2(R3).
(2) If f ∈ B˙−1∞,∞(R
3) ∩H1(B2r(x0)), then we have
‖f‖L4(Br(x0)) ≤ c‖f‖
1
2
B˙−1∞,∞(R3)
(1
r
‖f‖L2(B2r(x0)) + ‖∇f‖L2(B2r(x0))
) 1
2
.
We recall the definition of weak Lebesgue space, as well as decomposition of
functions in weak Lesbegue spaces (see [4]).
Definition 2.11. The weak Lesbegue space L3,∞(R3) consists of local integrable
functions f satisfying
‖f‖L3,∞(R3) = sup
λ>0
λ|{x ∈ R3 : |u| > λ}|
1
3 <∞.
Lemma 2.12. Let 1 < t < r < s ≤ ∞, and f ∈ Lr,∞(R3). Then we have
f = f1 + f2 for some f1 ∈ L
s(R3) and f2 ∈ L
t(R3), which satisfy
‖f1‖Ls(R3) ≤ c(s, r)‖f‖Lr,∞(R3),
and
‖f2‖Lt(R3) ≤ c(r, t)‖f‖Lr,∞(R3).
We also need a bound for scaled energy of Naiver-Stokes equations by Seregin
and the second author [16].
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Lemma 2.13. Let (u, π) be a suitable weak solution of (1.1) in R3× (0, T ). More-
over, it is supposed that
u ∈ L∞(0, T ; B˙−1∞,∞(R
3)).
Then, for any z0 ∈ R
3 × (0, T ], we have estimate
sup
0<r<r0
{
A(u; z0, r) + C(u; z0, r) +D(u; z0, r) + E(u; z0, r)
}
≤ c
[
r
1
2
0 + ‖u‖
2
L∞(0,T ;B˙−1∞,∞(R3))
+ ‖u‖6
L∞(0,T ;B˙−1∞,∞(R3))
]
,
where r0 ≤
1
2 min{1, t0} and c depends on C(z0, 1) and D(z0, 1) only.
We conclude this section by recalling the small energy regularity results due to
Wang and Zhang [18].
Lemma 2.14. Let (u, π) be a suitable weak solution of (1.1) in Q1. If u satisfies
sup
0<r<1
{
A(u; r) + E(u; r)
}
≤M,
where M > 0, then there exists a positive constant ε depending on M such that if
1
r2∗
∫
Qr∗
|u3|
3dxdt ≤ ε,
for some r∗ with 0 < r∗ < min{
1
2 , (C(u; 1) + D(π; 1))
−2}, then (0, 0) is a regular
point.
Lemma 2.15. Let (u, π) be a suitable weak solution of (1.1) in Qr. If (u, π)
satisfies
1
r2
∫
Qr
|u|3 + |π|3/2dxdt ≤M,
where M > 0, then there exists a positive constant ε depending on M such that if
1
r2
∫
Qr
|u3|
3dxdt ≤ ε,
then (0, 0) is a regular point.
3. Proof of Theorem 1.1
Since the Naiver-Stokes equations are translation and scaling invariant, thus it is
sufficient to prove our main results in the domain R3 × [−1, 0). The proof is based
on blow-up analysis and backward uniqueness of parabolic equations developed in
[7]. We argue by contradiction. Without loss of generality, we assume that (0, 0) is
a singular point of u.
Proof. Step 1: Blow-up analysis
By the assumption, we have
‖u‖L∞(−1,0;B˙−1∞,∞(R3)) ≤ c.
From Lemma 2.13, we get, for z0 ∈ B1/2 × (−1/4, 0) and 0 < r <
1
2 ,
(3.1) A(u; z0, r) + C(u; z0, r) +D(u; z0, r) + E(u; z0, r) ≤ c(C(u; 1), D(u; 1)).
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Since (0, 0) is a singular point, Lemma 2.14 ensures that there exists a sequence
Rk such that Rk → 0 as k → +∞ and
(3.2) R−2k
∫
QRk
|u3(x, t)|
3 dxdt ≥ ε.
Define
uk(y, s) = Rku(Rky,R
2
ks), π
k(y, s) = R2kπ(Rky,R
2
ks),
where (y, s) ∈ R3×(− 1
R2k
, 0). Then the pair (uk, πk) is still a suitable weak solution
to (1.1).
Since A(u; r), C(u; r), D(π; r) and E(u; r) are invariant under the Navier-Stoeks
scaling, we obtain that, for any a > 0 and z0 = (x0, t0) ∈ R
3 × (−∞, 0],
A(uk; z0, a) + C(u
k; z0, a) +D(π
k; z0, a) + E(u
k; z0, a)
= A(uk; zk0 , rka) + C(u
k; zk0 , rka) +D(π
k; zk0 , rka) + E(u
k; zk0 , rka),
where zk0 = (rkx0, r
2
kt0). From (3.1), we get that for enough large k,
A(uk; z0, a) + C(u
k; z0, a) +D(π
k; z0, a) + E(u
k; z0, a) ≤ c.
We also have∫
Q1
|uk3(x, t)|
3 dxdt = R−2k
∫
QRk
|u3(x, t)|
3 dxdt ≥ ε
for all k ∈ N.
By interpolation between A(uk; a) and E(uk; a), we get uk ∈ L6tL
18/7
x (Qa). Then
we have by Ho¨lder’s inequality that uk · ∇uk ∈ L
3
2
t L
9
8
x (Qa). Appealing to the linear
Stokes estimate, we deduce that
|∂tu
k|+ |∆uk|+ |∇πk| ∈ L
3
2
t L
9
8
x (Qa).
Applying the Aubin-Lions lemma, we can extract a subsequence, still denoted
by (uk, πk), such that (uk, πk) converges weakly to some limit functions (v, π′), for
any a > 0,
(3.3)
uk ⇀ v in L∞(−a2, 0; B˙−1∞,∞(R
3)),
uk ⇀ v in L∞(−a2, 0;L2(Ba)),
uk → v strongly in C([−a2, 0];L
9
8 (Ba)),
s∇uk ⇀ ∇v in L2(Qa),
πk ⇀ π′ in L
3
2 (Qa).
Since uk is uniformly bounded in L10/3(Qa) by interpolation between A(u
k; a) and
E(uk; a), we get by Ho¨lder’s inequality,
(3.4) uk → v strongly in L3(Qa).
Furthermore, we have in case u3 ∈ L
∞(−1, 0;L3,∞(R3)) that
uk3 ⇀ v3 in L
∞(−a2, 0;L3,∞(R3)),
or in case u3 ∈ L
∞(−1, 0; B˙
−1+3/p
p,q (R3)) that
uk3 ⇀ v3 in L
∞(−a2, 0; B˙−1+3/pp,q (R
3)).
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The above convergence implies that (v, π′) satisfy the Navier-Stokes equations
in R3 × (−∞, 0). Moreover, due to lower semi-continuity of norm, it holds that for
any z0 ∈ R
3 × (−∞, 0) and a > 0,
(3.5) A(v; z0, a) + E(v; z0, a) + C(v; z0, a) +D(π
′; z0, a) ≤ c,
(3.6) ‖v3‖L∞(−a2,0;B˙−1+3/pp,q (R3))
≤ c, if u3 ∈ L
∞(−a2, 0; B˙−1+3/pp,q (R
3));
(3.7) ‖v3‖L∞(−a2,0;L3,∞(R3)) ≤ c, if u3 ∈ L
∞(−a2, 0;L3,∞(R3)).
Thanks to (3.4), we find
(3.8)
∫
Q1
|v3(x, t)|
3 dxdt ≥ ε.
Step 2: Prove that the limit function v(x, 0) = 0 in R3
Since u(x, 0) ∈ B˙−1∞,∞(R
3), where B˙−1∞,∞(R
3) is the closure of C∞0 (R
3) in B˙−1∞,∞(R
3),
thus for any ε > 0, there exists a function U∗(x, 0) ∈ C∞0 (R
3) such that ‖u(x, 0)−
U∗‖B˙−1∞,∞(R3) < ε. Then for any ϕ ∈ C
∞
c (Ba) with a > 0, we have
|
∫
Ba
v(x, 0)ϕ(x) dx| ≤ |
∫
Ba
(v(x, 0)− uk(x, 0))ϕ(x) dx| + |
∫
Ba
uk(x, 0)ϕ(x) dx|
= I1 + I2.
For I1, the convergence in (3.3) shows that
I1 ≤
∫
Ba
|v(x, 0)− uk(x, 0)| dx → 0 as k → +∞.
For I2, we obtain
I2 = |
∫
Ba
uk(x, 0)ϕ(x) dx|
= Rk|
∫
Ba
u(Rkx, 0)ϕ(x) dx|
≤ Rk|
∫
Ba
(u(Rkx, 0)− U
∗(Rkx))ϕ(x) dx| +Rk|
∫
Ba
U∗(Rkx)ϕ(x) dx|
≤ cRk‖u(Rkx, 0)− U
∗(Rkx)‖B˙−1∞,∞(R3) +Rk
∫
Ba
|U∗(Rkx)ϕ(x)| dx
≤ c‖U(x)− U∗(x)‖B˙−1∞,∞(R3) +Rk
∫
Ba
|U∗(Rkx)ϕ(x)| dx
≤ cε,
as k→ +∞, where we used the fact that U∗ is continuous at 0.
Thus we conclude that v(x, 0) = 0.
Step 3: Spatial Decay
(1) Case u3 ∈ L
∞(0, T ;L3,∞(R3))
Using Lemma 2.12, we decompose v3(·, t) ∈ L
3,∞(R3) as
v3(·, t) = v¯3(·, t) + v˜3(·, t),
where v¯3(·, t) ∈ L
2(R3), v˜3(·, t) ∈ L
4(R3), and
‖v¯3(·, t)‖L2 ≤ c‖v3(·, t)‖L3,∞(R3),
‖v˜3(·, t)‖L4 ≤ c‖v3(·, t)‖L3,∞(R3).
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We get v¯3(x, t) ∈ L
∞(−a2, 0;L2(R3)) and v˜3(x, t) ∈ L
∞(−a2, 0;L4(R3)).
Then it follows that∫
Q1(z0)
|v3|
2 dxdt ≤
∫
Q1(z0)
|v¯3|
2 dxdt +
∫
Q1(z0)
|v˜3|
2 dxdt
→ 0 as |z0| → ∞.
(3.9)
(2) Case u3 ∈ L
∞(0, T ; B˙
−1+3/p
p,q (R3)), 3 < p, q <∞
From the definition of Besov space, we have
lim
N→+∞
‖v3(t)− SNv3(t)‖B˙−1+3/pp,q (R3)
= 0.
Due to the fact
‖SNv3(t)‖B˙−1+3/pp,q (R3)
≤ c‖v3(t)‖B˙−1+3/pp,q (R3)
,
it follows from Lebesgue’s dominated convergence theorem that for any β ∈ [1,∞)
and T > 0,
‖v3 − SNv3‖Lβ(−T,0;B˙−1+3/pp,q (R3))
→ 0 as N →∞,
which implies that for any φ ∈ C∞0 , β ∈ [1,∞) and T > 0,
(3.10) ‖v3φ− SN (v3φ)‖Lβ(−T,0;B˙−1+3/pp,q (R3))
→ 0 as N →∞.
For any z0 = (x0, t0) ∈ R
3 × (−∞, 0), choosing φ ∈ C∞0 (R
3) such that φ = 1 in
B1(x0) and φ = 0 outside of B2(x0), we have
(3.11)∫
Q1(z0)
|v3|
2 dxdt ≤
∫
Q1(z0)
|v3φ|
2 dxdt
≤
∫
Q1(z0)
|v3φ− SN (v3φ)|
2 dxdt+
∫
Q1(z0)
|SN (v3φ)|
2 dxdt.
We now need to estimate each term of (3.11). For the term
∫
Q1(z0)
|v3φ −
SN(v3φ)|
2 dxdt, by Ho¨lder’s inequality and Lemma 2.10, we estimate∫
Q1(z0)
|v3φ− SN (v3φ)|
2 dxdt
≤ c‖v3φ− SN (v3φ)‖L2(−T,0;B˙−1∞,∞(R3))‖v3φ− SN (v3φ)‖L2tH1x(Q2(z0)).
Since that
‖v3φ‖B˙−1∞,∞(R3) ≤ c‖v3φ‖B˙−1+3/pp,q (R3)
≤ c‖v3‖B˙−1+3/pp,q (R3)
,
we get from (3.10) that
(3.12) ‖v3φ− SN (v3φ)‖L2(−T,0;B˙−1∞,∞(R3)) → 0, as N →∞.
Furthermore, we observe that
(3.13)
‖v3φ− SN (v3φ)‖L2tH1x(Q2(z0)) ≤ ‖v3‖L2tH1x(Q2(z0)) + ‖SN(v3φ)‖L2tH1x(R3)
≤ ‖v3‖L2tH1x(Q2(z0)) + c‖v3φ‖L2tH1x(R3)
≤ c‖v3‖L2tH1x(Q2(z0)) ≤ c.
Then we derive from (3.12) and (3.13)
(3.14)
∫
Q1(z0)
|v3φ− SN (v3φ)|
2 dxdt→ 0, as N →∞.
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For the term
∫
Q1(z0)
|SN (v3φ)|
2 dxdt, noting that
‖SN(v3φ)‖Lp(R3) ≤ c(N)‖v3φ‖B˙−1+3/pp,q (R3)
≤ c(N)‖v3‖B˙−1+3/pp,q (R3)
,
we see
(3.15)
∫
Q1(z0)
|SN (v3φ)|
2 dxdt→ 0,
as |z0| → ∞.
Inserting (3.14) and (3.15) into (3.11), we arrive at
(3.16)
∫
Q1(z0)
|v3| dxdt→ 0 as |z0| → ∞.
Step 4: Backward uniqueness and unique continuation
Spatial decay results in Step 3 and small regularity criterion in Lemma 2.15
ensure that there exists a constant R > 0 such that
(3.17) |v(x, t)|+ |∇v(x, t)| ≤ c,
for (x, t) ∈ (R3\BR)× (−T, 0).
Let ω = ∇× v. Since v(x, 0) = 0, we get w(x, 0) = 0. Moreover, as ω satisfies
∂tω −∆ω = −v · ∇ω + ω · ∇v,
we find that by (3.17)
|∂tω −∆ω| ≤ c(|ω|+ |∇ω|) in (R
3\BR)× (−T, 0).
Applying backward uniqueness of parabolic operator [7] yields that
ω(x, t) = 0, (x, t) ∈ (R3\BR)× (−T, 0).
By unique continuation argument as in [7], we see that
(3.18) ω(x, t) = 0 in R3 × (−T, 0).
Combining the incompressible condition div v = 0 and (3.18), we find that
∆v(·, t) = 0 in R3. Then we get from the energy bound (3.5) that v ∈ L∞(−T, 0;L∞(R3)).
The Liouville Theorem for harmonic functions implies that v(·, t) is constant.
Due to the spacial decay bound in Step 3, it follows that v3(·, t) = 0 for any
t ∈ (−T, 0), which contradicts with (3.8). This completes the proof of Theorem
1.1.

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